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ON SERRE INTERSECTION MULTIPLICITY CONJECTURE 


MOHAMMAD REZA RAHMATI 

Abstract. We try to briefly explain the original ideas implying the proof of van¬ 
ishing part of Serre multiplicity conjecture. A replacement for the proof based 
on intersection theory taught in W. Fulton is included. The author also discusses 
a connection between Serre positivity question and general positivity in Hodge 
theory. 


Introduction 

In 1950’s J. Serre made a definition of Intersection multiplicity of two finitely 
generated modules over a regular local ring A hy a type of Euler characteristic, 
namely Tor-formula. Specifically, for M, N two finite A-modules he dehnes their 
intersection multiplicity 

dim(A) 

X-'{M,N):= Y, (-l)‘i(Tor;yM,]V)) 

i=0 

subject to the condition that length{M (8)^1 N) < oo. The formula 

dim(M) -b dim(Y) < dim(74) 

will hold, jS]. This may also be proved using the Auslander-Buchsbaum relation for 
modules over a regular ring (A, m) ring, 

pd(M) -b depth(M) = dim(A) 

and the formula dim(iV) < pd(M) when 1{M N) < oo known as Intersection 
Theorem, |R04] . Serre dehnition agrees with classical multiplicity of intersections 
of two varieties / = 0 and = 0 in the plane as the length of the quotient ring 
A/{f,g). In this case only the hrst term in the sum is non zero. The signihcance 
of Serre dehnition concerns the effect of higher Tor’s in multiplicity calculations. 
The necessity of higher Tor’s naturally is being understood when considering more 
complicated examples. In case of proper intersections of varieties Serre dehnition 
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agrees with the Hilbert-Samuel dehnition for multiplicity, that ii Y = Spec(A/p) 
and Z = Spec(74/q) be subvarieties in X = Spec(y4) that intersect properly (the 
dimension condition reads as ht(p) +ht(q) = dim(y4)). Then it holds that ^p + q = 
m, and we have 

X (^/P)^/*l) ~ Cdimq(ci) ^/p) 

where edimq(il, ^/p) is Hilbert-Samuel multiplicity of the H-module H/q with respect 
to the ideal q. He proved the positivity of the Euler characteristic in several special 
cases that were enough for most of purpose, for instance in the case where the ring A is 
essentially of hnite type over a hied (or a discrete valuation ring) k. Serre conjectured 
the vanishing of multiplicity in non-proper intersections, and its positivity in the 
proper case, for general regular local rings, [S]. 

Conjecture: [S] Assume A is a regular local ring and M, N hnite A-modules with 
/(M (g)^ N) < oo, then 

(1) If dimM -|- dimX < dim A, then = 0 

(2) In case dimM -|- dimX = dim A, called proper intersection, a"^(M, N) > 0. 

Serre actually proves most of the fundamental properties of the intersection mul¬ 
tiplicity over regular rings, especially when they are essentially of hnite type over a 
held or a discrete valuation ring using the method of reduction to the diagonal 

A/p 0^ A/q ^ (A/p A/q) A 

and the completed tensor product of A. Grothendieck, [S]. Serre’s proof essentially 
uses the hat structure over the held k. 

Two subvarieties Y and Z of codimensions p and q in X are said to intersect prop¬ 
erly ifYnZ has codimension p-hq. Two key steps in building up intersection theory 
on smooth quasi-projective varieties is hrst the dehnition of intersection multiplicity 
and second the the Moving lemma. 

Theorem 0.1. (Chow’s Moving Lemma) Lets X be a smooth quasi projective variety 
over a field k, and Y and Z closed integral subschemes of X. Then the cycle Y is 
rationally equivalent to a cycle p which meets Z properly. 

The vanishing part of the conjecture of Serre was proved by H. Gillet and G. Soule, 
P?T] . and also independently by P. Roberts, [Rm] . 

Theorem 0.2. (Vanishing, Roberts |R01] . Gillet and Soule |GS1] / Assume M, N are 
finitely generated modules over a complete intersection (hence regular) A, such that 
M, N both have finite projective dimension (modules over regular rings always satisfy 
this) and M ®aN has finite length. If dimM + dim N < dim A, then x^{M, N) = 0. 
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The proof of P. Roberts uses a theory of local chern characters for commutative 
rings. He uses basic properties of local chern characters with an application of 
Auslander-Buchsbaum theorem mentioned above. He specihcally uses a property of 
local chern character as 


X{F.) = ch{F.).T{A) 

for a regular local ring A, where ch is the local chern character on the iP-theory 
of perfect H-complexes, and r is the Todd genus (Riemann-Roch homomorphism 
on regular schemes). The work of Roberts concerns important developments of 
the theory of commutative rings toward geometric ideas on intersection theory. It 
fulhlls several different formulations of the question and relates the Serre’s question 
to other conjectures in commutative algebra. Gillet and Soule systematically define 
intersection theory as a theory on Kq. They use the A-ring structure on Kq with 
support of a regular ring 

A" : K (^) ^ 0y K ^ > 0 

(not homomorphisms) and employ the Adams operations 

k>Q 

as group homomorphisms. They closely analyze the eigen-values of Adams opera¬ 
tions on the graded parts of Kq with support with respect to the hltration by the 
codimension of support. Serre’s dehnition of intersection multiplicity, naturally lifts 
to a product on Kq{A). That the A'-theory of the regular ring A concerns an inter¬ 
section theory. In this way the intersection multiplicity can be read as a cup product 
in Ko(A). The fact is intersection theory may be considered as a theory on A'-groups 
of rings. The chern character ch and the Riemann-Roch map transform this product 
into the Chow ring of A, where one may use Kodaira vanishing theorem in order 
to establish the vanishing of multiplicity. The theory of intersection multiplicity at 
some stage is the theory of Riemann-Roch algebra. The basic proofs on the Euler 
characteristic of Cartan-Serre dehning the intersection multiplicity concerns various 
Riemann-Roch formulas. The Grothendieck Riemann-Roch theorem explains the 
existence of a functorial homomorphism 

ch : Ko(X) CH*(X) 

for a regular scheme X, satisfying certain axiomatic properties which also character¬ 
ize it. A well known method to study the Chow ring of a variety is to analyze various 
hltrations naturally defined on it. There are many well dehned hltrations on Chow 
groups in the literature. We recall the coniveau (also called hltration by codimension 
of support) and q-hltrations and study the multiplicativity of the hltrations. 
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With in the time a signihcant proof of non-negativity was given by O. Gabber 
[RQ2j . His proof involves both algebraic and geometric insights concerning multi¬ 
plicity as an Euler characteristic. The proof does not recognize any thing on vanish¬ 
ing or positivity separately. It only states the non-negativity. It closely studies the 
deformation of Euler characteristic in several coverings in a way showing that it is 
always changing by a non-negative multiple. Gabber’s work gives beautiful ideas on 
Euler characteristic of doubly graded modules (complexes). It also provides a way 
to produce interesting examples. This proof is not published in any paper by O. 
Gabber!. An exposition of that can be found in some papers by P. Roberts. 

Regarding the positivity conjecture many persons have participated in the liter¬ 
ature, such as S. Dutta, M. Hochster and Me Laughlin, provided a counterexample 
to positivity when the projective dimensions of the modules are not hnite (of course 
the ring A is not regular in this case!). They give an example of a module M with 
pd(M) < exo and /(M) < oo over the singular ring A = w]]/[xy — zw) such 

that for N = A/[x, z) one obtains 


X{M,N) = -1 

Many other counter-examples found by other people later on, [DHM] . P, [RD3]. 
The positivity conjecture is still an open problem. 

Throughout the text we work with a local noetherian ring A with maximal ideal 
m. We shall consider hnitely generated A-modules, which we shortly call them hnite 
A-modules. A regular local ring would be a local noetherian ring [A, m) such that 
the minimal number of generators for m is dim(A). It is the same as dim(m/rri^ = 
dim(A). Quotients of regular local rings by regular sequences are called complete 
intersection rings. A Gohen-Macaulay module M is one with depth(M) = dim(M) 
where depth(M) is the lengths or any maximal M-sequence in m and dim(M) = 
dim(A/ann(M). 


1. Serre’s Work 

Let A be a local ring and M a hnite A-module. Assume a is an ideal such that 
M/aM has hnite length. The Hilbert-Samuel polynomial of M with respect to the 
ideal a is dehned by 


P^{n) = l{M/a^M), n»0 

when A is noetherian and a =< xi,..., x*, >, then 


X{K, ®M) = efc(a,M) 
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where K, is the Koszul complex on < xi,...,Xk > and ek{a,M) = k\x (coefficient 
of in P^) is the Samuel multiplicity. By using a spectral sequence argument one 
can show that 

X{K, ®M)= x{K, gr^M) 

where Ki = This leads to the formula 

xiK,®M) = Zpi-ly{^p)P^i^-p) 

where the right hand side is equal to 6 ^( 0 , M), cf. |R02j . 

Let A be a regular local ring, and M, N hnitely generated A-modules such that 
M N has hnite length. J. P. Serre [S], dehnes the intersection multiplicity as 

(1) x\M, N) ■.= 5^(-l)'i(Torf (Af, N)) 

He proves the basic fact that in this case: 

(2) dim M + dim N < dim A 

will hold and makes the following question, known as Serre Multiplicity conjecture. 

(1) If dimM + dimA^ < dimH, then x^{M,N) = 0 

(2) In case dimM + dimA^ = dimH, called proper intersection, x^(M, iV) > 0. 

The condition, M, N both have hnite projective dimensions implies that the sums 
in (1) have hnitely many terms. Also the condition, M N has hnite length, 
implies, all the Torf(M, A^) and hence all N) have hnite length. This 

makes the former criteria meaningful. In case of proper intersection of subvarieties 
Y = Spec (A/p) and Z = Spec(A/q) in X = Spec (A) the dimension condition reads 
as ht(p) + ht(q) = dim(A). This implies i/p + q = m, [S]. It is easy to prove that in 
proper intersections we have 

X^(A/p, A/q) = edimq(q, A/p) 

This shows Serre dehnition agrees with the original dehnition of Hilbert-Samuel 
multiplicity, |R02j . 

Remark 1.1. The quantity 

(3) UM, N) := 5^(-l)T(Pxf;i(M, N)) 
called the Euler form carries equivalent data as x by; 
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(4) x^{M,N) = {-lf^^U{M,N) 

Both are additive functions in each variable on exact sequences of A-modules, 

[CHXj . 

J. Serre proves the positivity in the equi-characteristic case. His proof is based on 
the Cohen strnctnre theorem and the rednction to the diagonal. In this case the 
regular ring may be assumed to be of hnite type over a held /c or a discrete valuation 
ring k. By reduction to the diagonal we mean Y A Z = {Y xZ)nA where A is the 
diagonal in A x A. In terms of coordinate rings it can be written as 

H/p (8 )a A/q = (A/p ®k A/q) ®A®kA A 

where A = k[xi, ...,Xn]- One has Torf{M N,A) = Torf{M,N), where B = 
A <Z)k A. When A = k[[xi, ...,a;„]], he regards A as a module over a similar ring but 
the variables are changed with j/i,formally and writes 

(5) M ® A = [M(ZkN) Z)k[[x\,...,Xn,yi,...,yn]] •■•5 2/n]]/-f 

where I = {xi — yi,...,Xn — Un) and yi,...,yn are some new variables. ® is the 
completed tensor product, meaning that one also completes the modules M, A with 
respect to maximal ideals while tensoring. Specihcally, 

A ;= hm(M/m"M ® A/n”A) 

and then shows that, 

(6) dim(M®A) < dim(M) + dim(A) 

Serre transforms the multiplicity question on M, A to that of (M®a;A) and the 
diagonal P, by resolving the diagonal over A A. Specihcally he considers the 

convergent spectral sequence 

(7) = Torf^^{{A®kA)/<), T^(M, A)) ^ Tor^^^{M, A) 
implies 

(8) Torf^^{{A®kA)/t3, f^(M, A)) ^ Tor^^^{M, A) 


and 
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= j:pi-y%Hp{d,M®kN)) = e,{M®kN) 

Here -Hp(0, M®kN) is the Koszul cohomology with respect to the parameter system 
{xi®! — and e concerns Hilbert-Samnel mnltiplicity. The work of Serre in 

[S] were actnally enongh for the most pnrpose of geometers, specially in complex 
geometry, 0. lEH. 

Let H be a complete discrete valnation ring, with residne held k. Snppose that A 
and k have the same characteristic, and k is perfect. Then A is isomorphic to fc[[T]]. 
This fact can be proved by showing that A contains a system of representatives of 
the residne held, which is a held. If S is snch a system of representatives, then any 
a E A can be written as a convergent series a = Sn E S. Now snppose that 

A and k have diherent characteristic. This is possible only when char(H) = 0 and 
char(A;) = p > 0. Then n(p) = e > 0 is called the absolnte ramihcation index of A. 
The injection Z H extends by continnity to an injection of the ring Zp of p-adic 
integers into A. When the residne held is a hnite held with q = element, then A 
is a free Zp module of rank n = ef. For any perfect field k of characteristic p, there 
exists a complete discrete valuation ring and only one up to a unique isomorphism 
which is absolutely un-ramified and has k as its residue field. It is denoted W{k). It 
satishes the universal property that for any A a complete discrete valuation ring of 
characteristic unequal to that of its residue held k. Let e be its absolute ramihcation 
index. Then there exists a unique homomorphism of W{k) into A which makes 
commutative the diagram: 


W{k) A 

\ I 

k 

This homomorphism is injective and H is a free W (fc)-module of rank equal to e, [S]. 

As stated Serre proved the positivity in the unramihed non-equicharacteristic case. 
His method can be applied to show that if we work over a regular ring with non- 
equicharacteristic the completion and the reduction to the diagonal will prove the 
positivity. We are going to investigate the analogue of the his strategy in the equi- 
characteristic situation. The goal is to obtain the corresponding equation to (8). 
Suppose we are given the regular local ring (i?, m) in the equi-characteristic and the 
hnitely generated modules M, iV satisfying the Serre condition /(M N) < oo. 
Denote by R, M, N the completions. By the structure theorem the equation (5) 
would be replaced by 


M®aN = {M®kN) ®w{x,Y) W{X, Y)/I 
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where W{X, F) is a Witt ring. Then the question is how one can relate Tor^{M, N) 
and Tor^{M, N). 

We end up with some remarks related to derived algebraic geometry. Recall that 
if R is a /c-algebra and k a field, for any two R-modules M, N we have 

M®aN = A (M N) 

This was the formula used for reduction to the diagonal in Spec{A A). Notice 
that here the point was essentially based on the fact that every thing being flat over 
k. If M and N be simplicial R-modules and A R-algebra, then this leads to the 
module 


M N) := A 0%,^ (M N) 

The conclusion is that one can reduce the question of intersection over A to that 
over R which is normally assumed to be simpler, or then iterate this. 


2. The work of P. Robert 

The Cartan-Eilenberg Euler characteristic dehng intersection multiplicity can be 
written in terms of projective resolutions. If E, and F, be free resolutions of the 
R-modules M, N (which may be taken to be hnite, by the regularity of A), then 

(9) X^(M, N) = xiE. ® F.) = 0 F.) 

where the right hand side is the usual Euler characteristic of the complex E,®F,. 
The latter makes sense for the complex is supported on the maximal ideal of A. By a 
perfect R-complex we mean a bounded complex of hnitely generated free (Projective) 
R-modules. The support of such complex would be the closed subspace Supp(G,) 
where the localization (G,)p has non-trivial homology. Then the dimension of the 
complex is dehned to be dimSupp(G,). The local chern character is an analougue 
of the usual chern character, on the F-theory of perfect R-complexes. We only need 
the formal properties of this theory to explain the vanishing part of the conjecture. 
The local Chern character of a perfect complex may be written as 


ch(G,) = cho(G,) + chi(G,) + ... , chi(G,) : CHfc(SpecR)Q -)■ Afc_i(Supp(G,))Q 
The Euler characteristic and local Chern character are related by 


(10) 


X(G.) = di(G.).td(yl) 
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which is called local Riemann-Roch theorem. When G, is supported at the maximal 
ideal (7) becomes the simple one 

X(G.) = ch(G,).[Spec(R/m)] 

The correct language to work with characteristic classes is to consider them as maps 
on the Kq groups, or rings. Then the chern character becomes a ring homomorphisms 
between Kq and CH*(R) = CH(Spec(y4)). 

Proof by P. Roberts: [ROlj . |R02j . [R03] . |R04j Let M, N be as in the conjecture 
and F,, G, be their free resolutions respectively. By the local Riemann-Roch 

(11) x{F.^G.) = ch{F.^G.)[A]= ch,{F.).ch^{G,)[A] 

i+j=d 

Let X and Y denote the support of M, N respectively, these are also the support of 
F,, G,. \i d — j > dim(y) then chj{G,)[A\ = 0, and similarly when d — j > dim(X) 
then chi{F,)[A\ = 0. These are the only cases when dim(X) -|- dim(y) < d. 

P. Roberts systematically studies the inter-relation of Serre’s conjecture with other 
theorems and conjectures in commutative algebra, see [pm] . 


3. Proof of vanishing conjecture by H. Gillet and C. Soule 

In geometry we replace A with a noetherian scheme X. For Y G X a. closed 
subset, Kq (X) may be dehned similar to the usual Kq{X) for bounded complexes 
having support in Y. Then we will have the natural product; 


(12) U : (X) ® K^iX) ^ K^^^iX) 

given by [E,] [F,]. So if we set: 


(13) A-J(A')= 0aT(X) 

YCY 

then we obtain a ring structure with unit the complex [Ox]- The X-theory with 
support satishes all the natural functorial properties with respect to flat pull-backs 
or proper push-forwards. Let Kq be the X-theory of flnitely generated modules 
(probably over a singular space or ring-sometimes denoted by Gq). If we define. 
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n : {X) X K',{Z) ^ K',{Y n Z), [E.] n [M] = J2i-^yWE. M] 

i>0 

then for / a flat proper morphism, we have the familiar projection formula 

Mrif3)na) = i3nMa) 

with appropriate [3, a, where /*[M] = ^(—If X is a regular scheme, 
then the map {X) —)■ Kq{Y) defined by [E,] i-A '^{—iy[E[^{E,)] would be an 
isomorphism. In this case if F, Z be closed subsets then the product structure on 
Kq (X) induces the following pairing 

(14) K',{Y) ® K',{Z) ^ K',{Y n Z) 

[B.l 0 |F.l 5^(-l)'[rorf-(£;.,F.)] 


Theorem 3.1, 


[GSl] The exterior powers endow Kq{X) = (X) with a X-ring 


structure. 


YC.X 


This means that there exists a collection of maps {A^ : Xg (X) —)■ Xg (X)}fc>o given 
by exterior powers, satisfying some combinatorial conditions, reflecting the simplicial 
structure of these rings, |GS1] . Then we have a collection of ring homomorphisms 


(15) {i,t:K-„(X)^K’„(X)}, 

called Adams operations. They are defined by certain axiomatic properties similar to 
chern classes. The restrictions, "0^ : Kq (X) —)■ Kq (X) are group homomorphisms. 
If X = Spec(A), with A noetherian they are defined by 

V’A:[X(a)] = k[K{a)] 

where X(a) is the single Koszul complex A, a G A. The single Koszul complexes 

are considered as the building blocks of the A-ring Xg (X), |GSlj . 

The proof by H. Gillet and C. Soule: |GSlj If X™ is the filtration by co¬ 
dimension of support, i.e. 

X™Xo^(X) := lim Im{K^{X) {X)) 

zcx 

codimx(-^)>m 


( 16 ) 
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The vector space (X) decomposes as Gt^Kq (X)q, and 

i>codim(Y) 

: Gr^pK^ (X)q ^ Gr^pK^ (X)q 
is just multiplication by k\ [GSlj . We have the product 

(17) (X)q ® (X)q ^ (X)q 

If a = ^ cij, (3 = Yl f3iy then a Li /3 = ^ U /3j. One checks that 'ipki^oii U (3j) = 
U /3j and thus 

a,U/3jeGr,^jK^'^YX) 

It follows that when 

codim(Supp(M)) + codim(Supp(X)) > d = dim A 

then 

(18) x(M, N) = ([M] U [N]) n [Ox] = 5^(-l)T(Torf (M, N)) = 0 

In this way the intersection multiplicity can be written as a cup product on the K- 
theory of perfect ^-complexes which is the same as usual Kq{A) when A is regular. 

In |GS1] Gillet and Soule conclude with a similar theory of Ghow groups with 
supports of regular rings (more general complete intersection rings). That is on a 
regular scheme X with closed subvarieties Y, Z there exists a pairing 

CH^y(X) 0 CHUX) ^ (A')q 

Similar to Kq with supports 0yGi7f(X)Q would be a ring with unit [X]. Their 
strategy is use a X-theory with support of y-hltration. However the intersection 
theory with support obliges to extend the coefficients to Q. In fact, they establish 
an isomorphism 

GHl{X) ® Z[l/(d - 1)!] = Gr^K^ (X) O Z[l/(d - 1)!] 

^GH^{XY = GrPK^{XY 

Using reduction to the diagonal one shows that the intersection product agrees with 
the previously dehned product, |GS1] . Intersection theory on singular varieties can 
be explained using supports and deformation to the normal cone, see section 5 in 
this text. 
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We Shall work with families of closed subsets of a scheme which are closed under 
taking subsets and hnite unions. Let $ be such a family on the scheme X. Similar 
to section 3, dehne 

Ko^(X):=hm Kl{X) 

One has a product structure as Kq{X) 0 Kq(X) —)■ for two families <h 

and d', where <h A d' is the natural join of the two families (taking intersections). 

Definition 3.2. (co-niveau and niveau filtrations) The coniveau filtration is the de¬ 
creasing filtration 

FUMX)) ■= Imaae(Kf-'(X) -a MX)), i > 0 

where X-* is the closed subsets of codimension at leats i (X<j may he considered 
as subsets of dimension at most j for niveau filtration). The coniveau filtration on 
G'o(-^) is defined similarly by the codimension of the support of modules. 

Some conjectural phenomenon happens for co-niveau hltration similar to Serre mul¬ 
tiplicity conjecture. It is well known theorem proved by A. Grothendieck, that if the 
base scheme is essentially of hnite type over a held then the product structure on Kq 
is compatible with the coniveau hltration. However for general regular noetherian 
scheme we have the following conjecture. 

Conjecture: [G] On a regular noetherian scheme X we have 

Aod(/A(-’f)) * FMxiix)) c F^j(M"^(x)) 

One can easily show that 

Theorem 3.3. [G] The above conjecture implies Serre vanishing conjecture. 

Proof. We may suppose the supports Y, Z of the two modules M, N intersect in the 
close point x E X = Spec(A). If [M] e {X) and [N] e Ff^^KQ{X), with 

p q > n = dim(A), then 

X(M, N) = [M] U [N] e Ff;fiK-{X) C = 0 

□ 


Definition 3.4. ('j-filtration) The 7 operations are defined by 

r : Ko{X) -E Xo(X), 7 -(x) = X{x + (n - l)[Ox]) 

where X'^{E) = XE are the exterior powers which define the X-structure on KfiX). 
The 'y-filtration is the multiplicative filtration on Kq{X) such that is the class of 
vector bundles that are locally of rank 0 . 
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It is a theorem by Grothendieck that the natural transformations 

Ck{E) ■= 'y^{E — rank{E)) 

satisfy the axioms for the chern classes. The corresponding chern character is a 
natural transformation 

ch ; Ko{X) ^ Gr;{Ko{X)) 

Theorem 3.5. [G] If X is a regular scheme, the chern character induces 

ch : Gr,,,{Ko{X))^ A Gr;{Ko{X))^ 

Furthermore, there are isomorphisms 

chk : GH\X)q ^ Gr’;{Ko{X))Q 

The multiplicativity of the coniveau hltration is also a consequence of the theorem, 

P. 


4. DE Jang alterations and O. Gabber reduction for ( > 0 ) 

The proof of O. Gabber, |R,02] is based on a theorem of de Jang. He reduces the 
question of intersection over a general regular local ring to corresponding questions 
of intersections on projective schemes. The theorem of de Jang states that for any 
regular (affine) scheme V there exists a projective (f \ X ^ V which is of hnite type 
over V. Assume we are concerned with the intersection of two regular schemes Y, Z 
of hnite type over the regular local ring (A,m, k). Gonsider Z' to be the projective 
scheme over Z which is hnite of degree n, obtained from the de Jang theorem. 
Set A' = A[Xi,...,X„] with quotient held K. Then Z' can be considered as a 
closed subscheme of Proj(A'[Xi,..., X^]), say with homogeneous ideal I. Set Y' = 
Proj(fc(y)[Xi,...,X„]) and P = Proj(A[Xi,...,X„]). 

The strategy is to compare with x(C>y,C>^). Let E, and G, be the 

A'-projective resolutions of Y' , Z' , respectively. Gonsider the Gech complex 

G* ■. 0 -)■ nn ^XiXj ^ ^Xi...Xr, 0 

Using the relation 

[G* ®A' E,) ®R G, ^ G* (E,) G,) ^ G* ®a' (E.) ®a' {A' ®r G,)) 

and the projection formula (f^E^ZiG, = 0*(F,(8)0*(G,)) for the projective resolutions 
of Oy' and Oz' Gabber shows that 

x(r, X) = x(y, 0,(F.) = x(y, {OzY) = n.x{Y, z) 
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since 0*(Oy/) = (Oy/)"". In another step he replaces the rings by GrjA' and GrjB 
where B = A' k\Y]. Set E = Proj{GrjA'), M = Proj{grjB). He shows 

Xe{M,Z') = x{Y',Z') 

One may consider a hltration of M whose successive quotients Mj are annihilated 
by a power of m the maximal ideal of A. Then, 

xe{m, Z’) = Ei x(Mi, Z') = E. XE.(Vi, z;) 
where Eg = Proj{GriA' k) and Z' = Proj{A'/I k). 

Proposition 4.1. (Gabber) |R02] The positivity conjecture holds for the Y, Z if and 
only if 

XEs{Proj{griB ® fc), Z') > 0. 

The theorem completes the reduction step and the proof, de Jang theorem can be 
regarded as a weak version of Hironaka resolutaion of singularity theorem. It can be 
stated in a more general statement as, given a variety X, there exists 0 : H —)■ X 
with Y non-singular and 0 proper surjective, de Jang method of alterations can be 
applied with the method of deformation to the normal cone to dehne an intersection 
theory with support on singular varieties, but with coefficient in Q, see sec. 5 below. 


5. Intersection on singular schemes 

For all schemes ( quasi-projective or singular ) there exists a functorial homomor¬ 
phism 

(19) t:=Tx:Ko{X)^GH,{X)q 

called Riemann-Roch homomorphism or (Todd genus), where Kq{X) is the Grothendieck 
group of hnite modules up to short exact sequences ( sometimes denoted Go or K'q 
. In the smooth category this homomorphism is an isomorphism and is dehned by 
t{E) = ch{E).Td{X), where 

ch{E = @L.) = 5^<ixp(ci(U)), Td(,E) = n ^ 

for line bundles Lj. The strategy to extend the dehnition of r to singular category, 
proceeds by embedding X M in a smooth scheme M and then dehne 


t{E) = ch^{E).Td{M), ch^{E) G H*{M, M\X) 
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The definition of ch^{E) uses McPherson graph construction in a way that extension 
of r to the singular category is unique. Therefore, it is an isomorphism for all schemes 
when tensored with Q. This homomorphism satisfies 

(20) t{Ov) = [V] + lower dimension terms 

Let E, be any complex of vector bundles on a scheme X which is exact off a closed 
subscheme Y. Then for any coherent sheaf E on X, one has the following Riemann- 
Roch formula 

(21) J2(^-iyTY[H\E.® E)] = Ch§{E.) nrxiE) 

In case of a regular embedding f : Y ^ X oi codimension d and normal bundle N, 
the above formula provides 

(22) 5^(-l)Vy[ToR((Px, E)] = td{N)-^ n /Vx(F) 

It follows that when dim{SuppE) = n one has 

(23) Y.^-iyZ^_,[Tor\Ox, E)] = td{N)-^ n /*Z„(F) 

When X is regular and V, W closed subsets, applying the above formula to the 
diagonal embedding X X Xx X and E = Ovxw gives the formula 

[i/].[W] = Y.{-^yZm[Tor\Ov, Ow)y m = dim(R) + dim(lR) - dim(l/ n W) 

This formula proves the vanishing conjecture!, [F] page 364. The above formula re¬ 
suggest this idea that many of the numerical equalities that we have in intersection 
theory are influenced from more general ones on divisors, and are actually divisorial 
identities. Riemann-Roch theorems are of this type. The formula (21) suggest that 
the expression ^(—l)Vy [iL*(ii^, ® R)] is a candidate to generalize the Tor formula. 
Using the identification r it follows from (21) that the intersection theory on a general 
scheme can be described using cap product with local chern characters. 

As said before one standard method to extend the intersection theory is via the 
Chow group with support. There are several ways to do this. One due to H. Gillet 
and Soule uses y-filtration on fP-theory. The second due to Robert, Kleimann, Tho- 
rup, Fulton is via the definition of operational Chow groups CH*p{X), where an 
element CH^p{X) consists of giving for every map f Y —)■ X of varieties, homomor- 
phisms ria : CHq{Y) —)■ CHq_p(Y), Vg > 0 which satisfy various compatibilities. In 
this way he introduces a theory of chern classes which is a generalization of the local 
chern characters we already mentioned. If X is a nodal elliptic curve over a field 
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one can show that CHlp{X) = Z. These groups in many cases miss some informa¬ 
tion on algebraic cycles. One analogously dehnes operational Grothendieck groups 
Ko,op{.X) and the corresponding Todd genus r where similar formulas as (20) and 
(21) holds. The third is via the dehnition of deformation to the normal cone (due to 
A. Weber) and uses the alteration technique of de Yang as mentioned before, in all 
cases the extension of the coefficients to Q is necessary. Let V, Z X he closed and 
Py '■ y Y and pz '■ Z ^ Z he the varieties obtained from Y, Z via the alteration 
theorem of de Jang with hnite degrees mY,mz respectively. 

Y i - Y X Z -^ Z 

Tfz de Jang alterations 

y X Z 

Set f := tty o tY and g '■= nz o iz- Then dehne the intersection with support as 

Y.IZ] := Yf.f’lZ] = —/./'|X| = Xg.g'iY] =: z.|y| 

iJiY niY-mz mY 

where the middle equality uses W. Fulton intersection theory. This dehnition makes 
sense as soon as we extend the coefficients to Q. 

As already mentioned the strict positivity part of Serre multiplicity conjecture is 
still an open challenging problem. We open this section in order to mention some 
special cases that the conjecture can be proved, and also give a counter example 
in the singular case. The positivity of Cartan-Eilenberg Euler characteristic can 
be proved in some special cases. For instance if the A-modules M, N are Cohen- 
Macaulay. Assume M, N are so and dim(M)-|-dim(iV) = dim(A). By the Auslander- 
Buchsbaum theorem 


Try 


Pd(M) -|- dim(M) = dim(A) 

for A regular or complete intersection, the length of the minimal free resolution of M 
is dim(A) — dim(M) = dim(7V). Since N is also Cohen-Macaulay, the condition on 
the length of the resolution implies that Tori{M, N) =0, i > 0. Thus x(M, iV) = 
/(M0iV) > 0. 

Serre also stated the conjecture on the higher Euler characteristics, that is the 
sums 


d 

(24) x^{M, N) = N)) 

j=i 

He proves that in the equi-characteristic case Xj(M, iV) > 0 and if Tori{M, N) ^ 0 
then Xi{M,N) > 0. The conjecture on the higher Tor’s motivates the conjecture on 
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rigidity of Tor. It says that over a regular local ring A the Tor functor is rigid (if 
Tori{M, N) = 0 then Torj{M, N) = 0, j > i ioi all hnite M, N. 

The intersection multiplicity on singular varieties is probably encoded by higher 
Tor’s. A simple example is the intersection multiplicity on a hypersurface / = 0 
with isolated singularity. Then the intersection multiplicity of two subvarieties M, N 
intersecting at the isolated singular point is given by 


Q{M,N)= I {Tor^i (M, N)) - I {Tor^i+i {M,N)), z»0 

It is a general fact discovered by D. Eisenbud that a minimal free resolution of a 
hnite R = A/(/)-module is eventually periodic. Q{M,N) was dehned by Hochster 
and is called Hochster Theta function. 

The Serre intersection multiplicity can be negative on non-regular rings. Hochster- 
Dutta-McLaughlin [DHMj . give an example of two modules M, N over A = k[x, y, u, n]m 
uv)m with x(M, A^) = —1. We illustrate the following similar example generalized 
by Levine, [Q. Set A = k[x,y, z,u,v,w]/{ux + vy + wz) localized at the maximal 
ideal m = {x,y, z,u,v,w). Let p = {u,v,w). We wish to construct an A-module N 
such that x(A^, A/p) = —2. 

The module A/p has a minimal free resolution 


(25) ... ^ ^4 4 ^4 ^ ^3 4 ^ ^ Q 

where 


( X 0 —w V 
y w 0 —u 
z —V u 0 



/ 0 

u 

V 

w 

\ 


( ° 

X 

y 

z 

\ 


u 

0 

z 

-y 


04 = 

X 

0 

—w 

V 


03 — 



0 




0 




V 

—2; 

X 


y 

w 

—u 



y w 

y 

—X 

0 

) 


\ ^ 

—V 

u 

0 

/ 


If we assume 1{N) = 55 after tensoring this resolution with N, we get 

(26) ^/p) = 55 — 165 -I- 220 — rank{(()4 ® N) = 110 — rank{(f)i ® N) 

In the construction in 0, rank{(j)i®N) = 112. See (DHM], [L] and |R03] for other 
examples. 

Serre multiplicity conjecture is known for graded regular rings. 
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Theorem 5.1. |R03] If A is a graded regular ring and M, N graded finite modules 
with 1{M N) < oo, then the Serre multiplicity conjecture holds for x{AI, N), That 
is xiM, N) > 0 and is x{M, N) > 0 if and only if dim{M) + dim(iV) = dim(y4). 


6. Intersection theory and Higher K-groups 

We briefly screen some generalization of the previous ideas into higher ii'-theory, 
following inni. The group Kn+i of an exact category can be understood as an 
obstruction of equivalences in Kn- This is a generalization of trivial facts in the ho- 
motopy groups of topological spaces or even homology groups of complexes. Because 
similar argument says, the difference of two representatives of a null class in 7r„ can 
be measured by a class in 7r„+i, etc. . A similar basic fact holds for homologies 
of complexes. Let S' be a subcategory of an exact category E. The localization 
sequence of the iL-groups, is an exact sequence 

(27) ... ^ K^+fiE/S) ^ K^S) ^ KUE) ^ K^E/S) ^ ... 

For instance if A be a Dedekind domain with quotient held E, E be the exact 
category of finite A-modules, and S to the subcategory of torsion A-modules, Then 
E/S is the category of coherent locally free sheaves on the point Spec{E) and S = 
Yip^oEiSpec^k^p)), where V{Spec{k{p)) is the category of coherent sheaves with 
support at k{p). The localization sequence is the Gersten exact sequence in this 
case, 

(28) ... —)■ iFm+i(-S) -A Kyy^{k{p)) —)■ Km{A) —>■ Km{E) —)■ ... 

Let /C be the Zariski simplicial sheaf 

(29) U ^Zx BGL{T{U, Ox))^ 

Then one can define a cohomology 

(30) Kl{X)-.= Hy^{X,lC) 

Similarly one can define a A-ring structure on the groups K//{X) and obtain 

m>0, Ycx 


Adams operations 
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(31) Kl{X) ^ Kl{X) 

Gersten conjectured that for any regular noetherian finite dimensional scheme X and 
p > 0, the group CH^{X) is isomorphic to the Zariski cohomology group Hp{X, Xp), 
where Xp : U ^ Kp{U) is the sheaf of it'-groups. In case, the intersection pairing 


(32) CHP{X) (g) CH\X) CHP+\X) 
can be dehned as 

(33) H^iX, Xp) X H\X, X,) ^ HP+\X, Xp+,) 

M. Rost generalizes this structure to also include higher Chow groups. He considers 
any covariant functor M from the category of fields to the category of (Z or 'Ll2) 
graded-Abelian groups together with 

• Transfers trE/p '■ M{E) —>■ M{F) of degree 0 for all E/F hnite held extension. 

• For every discrete valuation v of F a boundary map 

: M{F) M{k{v)) 


of degree -1. 

• A pairing F* x M{F) —)• M{F) of degree 1, which extends to a pairing 
K^{F) X M{F) —)■ M{F), which makes M{F) a graded module over Milnor 
A-theory ring. 

If X is an algebraic variety over F dehne the complex C*{X, M, q) by 

{CP{X, M,q)= 0 M,_p{k{x)), {d, : M,_p{k{x)) ^ M,_p_,{k{v))}, ) 

xGXM 

Then one dehnes the higher Chow groups as 

AP{X,M,q) = HP{C*{X,M,q)) 

In case M is the Milnor A-theory or Quillen A-theory one has Ap{X, ,p) = 
CHP{X). There exists a well dehned theory of chern classes with coefficients in the 
Milnor A-theory 

Cn-.Kp{X)^H-P{X,Klf) 
satisfying the properties op. cit, [G]. 
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7. Intersection theory on Stacks 

Intersection multiplicity may be defined on Deligne-Mumford stacks in a similar 
way. One needs first to fix the definition of dimension for these stacks, which is 
well defined. The dimension of a Deligne-Mumford stacks <T, is defined to be the 
dimension of X for any atlas x ^ X. The dimension of a stack can be negative. 
For instance dim([=t:/G]) = — dim(G). If X is a Deligne-Mumford stack over a field 
then one can define the Chow groups CH^{X) as the quotient of reduced irreducible 
substacks of codimension p, and the rational equivalence defined by rational functions 
on stacks. Then many of the aforementioned constructions and identities remains 
true, however one is forced to extend the coefficients to Q. One still can show that 


CHp{X)^ = H^JX,K,{Ox))q 

which leads to a X-theoretic definition of intersection product on X, 0, n. 

For a quotient stacks we define 

CH*{[X/G]/k) := CH^{X/k) 

where CH^ (X/ k) is the equivariant Chow group of X. This definition is well defined, 
meaning that if [X/G] = [Y/H] then A^{X) = A^{Y). If X is the coarse moduli 
space of a quotient stack X, then one shows that the natural map vr : X —>■ X induces 
isomorphism 


CH,{X)q := CH,{X)q 

Let G be a finite group, viewed as a group scheme over a field k such that (|G|, char{k)) 
1. The Grothendieck group of vector bundles on the stack [Spec{k)/G] can be identi¬ 
fied by the representation ring of the finite group G, namely Rep{G) = KQ^Specik)). 
One has i7*j([S'pec(/c)/G],Q) = Hei,{BG,Q) = Q. The diagram 


K«{Spec{k)) 


K°{Spec{k)) -^ H*^{Spec{k), 

ch 


not commutes 


where tt : [Spec{k)/G] —)• Spec{k) is the obvious (non-representable) map of algebraic 
stacks, fails to be commutative. The top row is the G-equivariant Chern character, 
whereas the bottom row is the usual Chern character which is the rank map. The left 
column sends a representation to its G-invariant part. The difficulty with Riemann- 
Roch for algebraic stacks is seen by the lack of the commutativity of the diagram 
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K%{Spec{k)) eo,(5G,/CQ) 


TT* 


TT* 




K^{Spec{k)) -^ m^JSpec{k),JCQ) 

ch 


not commutes 


where K. \ U ^ K{U), and U on the etale site. The idea is if one relaces the etale 
topology with another topology namely isoinvariant etale topology and the sheaf /C 
with the equivariant version /C^, the diagram 


chG 


K»{Spec{k)) H»„„(BG,Kg) 


K«(Spec(k)) Hl,JSpec(k),K§-) 

ch ’ ^ 


does commute, see [J] for details. 


commutes 


8. Appendix: Local chern classes 

For a topologixal space X let H*{X, Z) be the integral cohomology in the sense of 
sheaf theory, and H*{X,Z) = ll.H%X,Z). Let also H*z{X,Z) = H*{X,X - Z,Z) 
for Z closed. A theory of local chern classes consists in assigning to a complex K* 
on X with support in Z a cohomology class 

(34) cf(A-)eiL|(A,Z) 

satisfying: 

• Functoriality. - cf (/*L*) = f*c!^(L*) for continuous / such that /(A — Z) C 
Y-V. 


• r(cf(A’)) + 1 = where r : H‘{X,Z) H*{X,Z) is 

the natural map. 

One slightly proves the existence of a theory of chern characters 

(35) ch^{K')^Hl{XM 

with equivalent properties as follows; 
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• Functoriality. - f*ch^ {L*) = ch^{f*L*) 

• r{ch^{K*)) = T.ii-^ych{K^). 

• Decalage. - ch^{K*[l]) = —ch^{K*) 

• Additivity. - ch^{K* © L*) = ch^{K') + ch^{L*) for K*,L* having support 
in Z. 

• Multiplicativity. - {K* ® L*) = ch^{K*) .chX{L*) for K* and L* having 

support in Z and V respectively. 

Theorem 8.1. (B. Iversen) A theory of local chern classes exists and is unique. 

The proof is based on the well-known McPherson graph construction. It concerns 
certain constructions on the cohomology of flag manifolds. 

Set 1 + H^{X, Z)+ = 1 + ni>i Z), and define a product * by 



If we set c^{K*) = 1+cf (iP*) G 1+H^{X, Z)+. Then one has the following relations 


rc^{L-) = c^rL-) 

c^(A:*[1]) = c^{K*)-^ 

© L*) = 

© L*) = c^{K*) * c^{L*) 




In order to relate these to multiplicity in algebraic geometry one may define a local 
cycle class map 


(37) 


cfeHf{X,Z), d = dim(Z) 


Its image in H‘^^{Z,'L) is the usual cycle map. 

Theorem 8.2. [I] Let E* be complex of locally free coherent sheaves on X with 
support on Z. Then 


(38) 


ch^{E‘) = + ... 
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Local chern characters and Grothendieck-Riemann-Roch map generalized as in Sec¬ 
tion 5, motivates an intersection theory on quasi-projective and may be singular 
varieties. This theory has been basically developed by Fulton-McPherson, however 
it is so adhoc to provide sensitive examples. 
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